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Abstract 

It has previously been conjectured that the theory of free fundamental 
scalars minimally coupled to a Chern Simons gauge field is dual to the the¬ 
ory of critical fundamental fermions minimally coupled to a level rank dual 
Chern Simons gauge field. In this paper we study RG flows away from these 
two fixed points by turning on relevant operators. In the’t Hooft large N limit 
we compute the thermal partition along each of these flows and find a map 
of parameters under which the two partition functions agree exactly with each 
other all the way from the UV to the IR. We conjecture that the bosonic and 
fermionic RG flows are dual to each other under this map of parameters. Our 
flows can be tuned to end at the gauged critical scalar theory and gauged free 
fermionic theories respectively. Assuming the validity of our conjecture, this 
tuned trajectory may be viewed as RG flow from the gauged theory of free 
bosons to the gauged theory of free fermions. 


1 Introduction 


U(Nb) invariant relativistic quantum field theories with Nb complex scalar fields have two 
well known fixed points in three dimensions. The first is the theory of Nb free complex 
massless scalars. The second is the U(Nb) invariant Nb component generalization of 
the Wilson-Fisher fixed point [1], the so called theory of critical scalars. In a similar 
manner, the space of U(Np) invariant quantum held theories with Np complex fermions 
also plausibly admits two known conformal fixed points. The first is a system of Np 
massless free fermions. At least in the A- expansion, there is also a second fixed point 
which we will refer to as the theory of critical fermions [2]. (See also [3].) 

The free scalar theory has two relevant operators, while the critical scalar theory has a 
single relevant operator. It is well known that there exists an RG how from the theory of 
free scalars to the theory of critical scalars. In a similar manner the critical fermion theory 
has two relevant operators while the free fermion theory has one. At least in the large N 
limit there exists and RG how from the critical to the free fermion theory. 

The free and critical conformal held theories described above each admit one discrete 
parameter generalization that enriches their dynamics [4, 5]. This generalization is obtained 
by gauging the U(Nb)/U(Np ) global symmetry groups with a level kb/kf Chern Simons 
coupled gauge held. In the rest of this paper we will refer to these theories as the regular 
and critical scalar/fermion theories respectively. At least in the ’t Hooft large N limit all 
four resultant theories continue to be conformal [4, 5]. Moreover the structure of RG hows 
between these hxed points is expected to be qualitatively unaffected by gauging (of course 
the integers Kb and Up , like Np and Np, are invariant under RG hows). 1 

In the ’t Hooft large N limit these four gauged theories (the free and critical bosonic 
theory together with the free and critical fermionic theory) are interacting three dimen¬ 
sional conformal held theories that nonetheless appear to be exactly solvable at all values 
of the ’t Hooft coupling A. We now have several exact results for correlation functions 
of local gauge invariant operators [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16], thermal partition 
functions [4, 17, 18, 19, 20, 21, 22, 23] (see also [24, 25]) and S matrices [26, 27, 28] in these 
and related theories. 

One of the most interesting patterns to have emerged from the exact solutions of these 
theories is the observation that the regular/ critical bosonic theory appear to be dual to 
the critical/regular fermionic theory. The existence of a three dimensional bosonization 
duality of this nature was hrst suggested in [4] motivated partly by the conjectured bulk 
Vasiliev duals of these theories. Substantial direct held theory evidence for such dualities 

1 Let kp and kp denote the levels of the boundary dual WZW theories. We define k b / f = kp/p + 
sgn(kp/ F )N B / F . We also define A B / F = which is fixed under the large Np/p limit. Notice that 

\Np/p\ < \kb/ f \ and thus \\p/ F \ < 1. 
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was obtained in [8]; the first concrete proposal for such a duality including a proposed 
map between parameters between the dual pairs was presented in [9]. The original duality 
conjectures were generalized to a broader range of theories in [19, 21] and a great deal of 
additional evidence for these dualities was obtained in several of the papers cited in the 
previous paragraph. 

The duality map between the regular/critical bosonic and critical/regular fermionic 
theories has an extremely simple structure. In the large N limit the regular/critical bosonic 
theory at rank Np and level kb is conjectured to be dual to the critical/regular fermionic 
theory at rank Np and level Kb with Kp = —Kb, Np = \kb\ — Np. In terms of the’t Hooft 
coupling, the duality map takes the form Xp = Xp — sgn(As). 

If two conformal held theories are exactly dual to each other, then the RG hows away 
from these held theories must also be dual to each other. The conjectured duality between 
the regular bosonic and critical fermionic theories thus makes an immediate prediction; the 
two parameter set of RG hows away from the gauged regular bosonic theory must be dual 
to the two parameter set of RG hows away from the gauged critical fermionic theory. In 
particular the RG how from the gauged regular boson to the gauged critical boson theory 
must be dual to the RG how from the gauged critical fermion to the gauged regular fermion 
theory. In other words the known duality between the end points of these two RG hows 
should lift to a duality between the two hows as function of scale, all the way from the UV 
to the IR. In this paper we will find direct evidence for this claim. 

In the large N limit, the discussion of the previous paragraph may be generalized as 
follows. In addition to the two marginal deformations, regular scalar and critical fermion 
theories each possesses an operator that is irrelevant at any finite N but is exactly marginal 
in the strict large N limit (its (3 function turns out to be of order T [i]). In the strict 
large N limit, therefore, the conjectured duality of the regular scalar and critical fermion 
theories implies a duality between the the three parameter family of theories obtained by 
deforming these theories with arbitrary proportions of the two relevant and one marginal 
operators. As the marginal operator is a strict large N artifact it is a little artificial to 
turn it on. Nonetheless in the rest of this paper we will work with the full three parameter 
set of theories on both sides of the duality, simply because we can. Readers interested only 
in RG flows that have a finite N counterpart are advised to restrict attention to the the 
appropriate two parameter set of theories by setting x 6 = 1 and y 6 = 0 in all formulae 
below. 2 

In this paper we find direct evidence for the duality between the three parameter set 
of quantum held theories obtained from relevant and marginal deformations of the regular 
scalar and critical fermionic theories in the ’t Hooft large N limit. We proceed as follows. 

2 Moreover this marginal operator turns out to be irrelevant about the IR fixed point of the RG flows 
and so drops out of the IR dynamics of these flows. 
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We follow [4, 19, 17, 20, 21] to use large N techniques to compute the thermal partition 
function of the scalar theory defined by the Euclidean Lagrangian 3 


Sb= d 3 x 


ie^^-TriA^Ap - jA^A u A p ) + 

+ m 2 B (jxj) + ^4#) 2 + ^ (#) 3 


k b (k b ) 2 

where the gauge covariant derivative acts the scalar fields as 


( 1 . 1 ) 


Dpcj) = (dp - iAp)(j), Dp<p = (dpcf) + i(pA^)- 


( 1 . 2 ) 


We also independently compute the thermal partition of the fermionic theory defined by 
the Lagrangian 


Sp = / d 3 x 


ie^^Tx(Apd v A p - %ApA u A p ) + 

47r O 


, / 7 / K Fy 2 x ^F?/4 2 , KfVq 3 

+ MW - -^r) - -pr^F + -^°f 


(1.3) 


We then demonstrate that the thermal partition functions of these two theories agree under 
the identifications 

\ F = X b - sgn(A s ), ?/ 6 = —-—, y A = b 4 , yl = m| (1.4) 

(see the next section for a discussion of how this is done .) 4 Our results lead us to conjecture 
that the theories (1.1) and (1.3) are dual to each other in the strict large N limit, and 
suggest a similar duality at large but finite N (upon restricting attention to Xq = 1 and 

2/6 = l)- 5 

We will now explain the interpretation of these results in terms of RG flows. Let us first 
note that the duality map (1.4) maps the bosonic theory with x 6 — 1, 64 = m 2 B = 0 to the 
fermionic theory with y e = 2/4 = y 2 = 0. This is simply a restatement of the duality between 
the gauged regular bosonic theory and the gauged critical fermionic theory discussed in 
detail above. 

The parameters x§—l, b 4 and m 2 B parametrize deformations away from the regular scalar 
theory while 2 / 6 , 2/4 an d 2/1 parametrize deformations away from the critical fermion theory. 

3 We have implicitly assumed the contraction of gauge indices, for example (fxf> = where m is the 

fundamental gauge index. 

4 When the chemical potential for U(l) flavor current are introduced for each theories, they interchange 
under the duality map [19, 21]. Although the generalization to include the chemical potential is straight¬ 
forward, we do not consider them in this paper for simplicity. 

5 Note that (1.4) proposes a linear map between the Lagrangians of the two theories, in contrast with the 
highly nonlinear map obtained in the study of a more complicated system in [21]. We do not understand 
the underlying reason behind the extreme simplicity of the transformation rules (1.4). 
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At linear order the duality map (1.4) implies the following identifications of operators about 
the regular boson and critical fermion theories 


(#) 

(#) 2 

(#) 3 


— Up 


47r 


-<7p, 


_/ ~ Kf \2J2 

—(“jit) a Fi 


An 

— Kp 

An 


,3 3 
CTjp 


(1.5) 


Note in particular that the second and third of the identifications (1.5) simply the square 
and cube of the first, in perfect agreement with the general expectations of large N trace 
factorization. The agreement of (1.4) with the expectations of large N factorization con¬ 
stitute a consistency check of these transformation formulae. 

Let us turn our attention to RG flows beyond linear order. Let us first focus on the 
bosonic theory. The parameter xq — 1 multiplies a (large N) marginal deformation about 
this theory while the parameters 64 and m 2 B multiply relevant operators of dimension 
two and one respectively. Perturbations about the fixed point are characterized by two 
dimensionless numbers x§ — 1 and ^ and a dim ensionful number which we can choose to 
be b 4 . In the language of the RG flow, x 6 — 1 and ^ may be thought of as ‘directions’ of 
the flow lines away from the UV fixed point while b 4 represents the renormalization group 
scale. In particular the limit 64 —» 00 captures the deep IR of the RG flow. In an entirely 
similar manner y Q is the coefficient of a (large N) marginal deformation of the critical 
fermion theory while y 4 and y\ are coefficients of relevant operators of dimension two and 
one respectively. Fermionic RG flows may be characterized by two dimensionless numbers 
7/6 and ^ and one scale parameter which may be chosen to be y 4 . 

Clearly (1.4) maps bosonic and fermionic flows 


■ 1 : 1 , - 1. hi - x. ur R - 0. y 6 = 0 , y 4 = x, y 2 = 0 


( 1 . 6 ) 


to each other . 6 As we have discussed above, x is a scale variable along the RG flow. On 
both sides of the duality the limit x —> oo corresponds to the deep IR of the flow. It is not 
difficult to convince oneself that the bosonic Lagrangian (1.1) reduces to that of the critical 
bosonic theory in the limit x —> oo while the fermionic Lagrangian (1.3) reduces to that of 
the regular fermion theory in the same limit (see below for details). In other words (1.6) 
represent RG flows from the regular boson to the critical boson and the critical fermion 
to the regular fermion theory. These flows are mapped to each other under duality for all 
values of the RG scale x. 

6 In order to argue that this scaling corresponds to an actual RG flow one needs to specify a renormal¬ 
ization scheme under the large N limit. This should apply to other examples of RG flow given below. We 
would like to leave it to future work. 
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It is instructive to study two deformations of the critical RG flows (1.6). Let us first 
turn on the marginal parameter on both sides, i.e. to study the dual pair of flows 

x 6 - 1 = a, 64 = x,m 2 B = 0, y 6 = y A = x, y 2 = 0 (1.7) 

for any finite value of the dimensionless number a. It is not difficult to verify that the deep 
IR (i.e. limit x — » 00 with a fixed) of these flows once again reduces to the critical bosonic 
theory on the bosonic side and the regular fermion theory on the fermionic side. In other 
words the parameter a is irrelevant in the deep IR of the RG flow. The physical reason for 
this is simple; x§ — l and y§ are coefficients of operators whose dimension about the UV 
fixed point is three, but whose dimension about the IR fixed point is six. In other words 
these operators, while marginal about the UV fixed point, are highly irrelevant about the 
IR fixed point and so drop out of the IR dynamics of these flows. 

The flows (1.7) end up at the IR fixed point and so represent critical flows at all finite 
values of a. Let us now study flows that deviate infinitesimally from the critical flow in 
such a manner that the flow ends not in the IR fixed point but in a finite mass deformation 
about this fixed point in the limit x —» 00 . In the rest of this introduction we find dual 
pairs of RG flows that have this property. We will demonstrate that the end points of these 
flows are particular mass deformations of the critical boson and regular fermion theories 
that have independently been shown to be dual to one another (see [19]). We regard this 
match with the previously known duality as a nontrivial consistency check of the duality 
map (1.4). 

Let us first consider the fermionic theory. Consider the limit 1 

y A -> 00 , yl -A 00 , ?/ 6 , = m r p s : fixed. ( 1 . 8 ) 

22/4 

Integrating crp out by using its saddle point equation (a procedure that is justified in the 
large N limit) we find that in this limit crp = mp; note that in this limit crp becomes 
independent of Under this limit (1.3) reduces to the mass deformed regular fermion 
theory 


S p —^ / d A x 


is 


/-p^Tr (A,d„A p 

4 7T 


2 i 


ApA v A p ) H- ■ip'fpD 11 ^ + m T p g ilnp 


(1.9) 


up to a constant term. 

Let us now turn to the bosonic theory. (1.4) maps the limit (1.8) to 


7 2 m B 

64 ->-00, m B ->• 00, x 6 , — 


Apm™ : fixed 


( 1 . 10 ) 


7 In the critical flow (1.7) the dimensionless ratio % = 0. In the scaling limit (1.8) the same ratio equals 

reg 

—2 — . This ratio tends to zero in the limit 114 — > 00, but does so like —. As the fermionic mass operator 

Vi . ... . Vi . . 

has dimension 2 in the UV but dimension 1 in the IR, this particular scaling zeroes in on a finite mass 
deformation of the IR theory. Identical comments apply to the bosonic RG flow studied below. 
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where we used [19, 21] 


rrip s = -A B m C B- 

In this limit the term proportional to (00) 3 in (1.1) can be ignored. The terms proportional 
to (00) 2 and (00) can be rewritten as 

( 00 ) + Ol\aB + 0.2<7“b 


where 


Ot\ — 


m 2 B n B 


Oi 2 — 


—k b 


871-64 167 t 6 4 


In the limit (1.10) the coefficient a 2 tends to zero, and we obtain the action 


S'r —)■ / d 3 x 


,k b 


2 i 


m 


ie^'^-Tr{A p d u A p - ^A p A v A p ) + + a B (00 + N B 


4n 


47r 


( 1 . 11 ) 


In the limit, in other words, the duality (1.4) reduces to the duality between the theories 
with Lagrangians (1.11) and (1.9). But precisely this duality was previously conjectured 
in [19, 21]. 


2 Thermal partition functions 

Consider two Chern Simons theories with rank and level (N b ,k b ) and (N f ,k f ), which 
are discrete parameters in the theory, with an identical number of bosonic and fermionic 
matter fields in the fundamental representation of the U (N B ) and U (N F ) gauge group, 
respectively. We refer to these as the bosonic and fermionic theories respectively. Let pf 
and pf denote the continuous parameters in the Lagrangians for these two theories. In the 
context of this paper, the bosonic theory is (1.1) and the fermionic theory is (1.3). The 
parameters pf are (mf, 64 , x 6 ), while the parameters pf are (y%, y 4 , y§). 

Consider the partition function of each of these theories on the space S 2 x S 1 in the 
presence of a constant background holonomy U. Let the circumference of the S 1 be given 
by /? and the volume of the two sphere by V 2 . 0 is identified with the inverse temperature 
T ” 1 in the two dimensional theory on S 2 . In the ’t Hooft large N limit, under which the 
two discrete parameters form a new continuous parameter by A = N/t t, the two partition 
functions take 

exp[-V 2 T 2 v B (p B (a),^ X B ,pf)} (2.1) 

for the bosonic theory and 

exp[-V 2 T 2 v F (p F (a),(3,\ Fl pf)\ (2.2) 
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for the fermionc theory. Pb(oi) is the density of eigenvalues e ia of the holonomy Ub of 
the bosonic theory, and Pf{ol) is the density of eigenvalues e ia of the holonomy Uf of the 
fermionic theory. 8 

It was demonstrated in [21] that the partition function of the bosonic and fermionic 
theories on an S 2 is exactly computed under the large N limit with and all other 
parameters held fixed. For this reason we study the thermal free energy of the bosonic and 
fermionic theories on S 2 x S * 1 taken to be of order N. In this limit it was demonstrated in 
[21] that the S 2 partition functions of the bosonic and fermionic theories (at all values of 
and theory parameters) agree with each other under a proposed duality map of the 

form 

kf =—K’B, Nf = \kf\ — Nb, Xf = X B -sgn(A s ), pf — pf (pf, A#) (2.3) 

if and only if 

vb(pb(&), /3, X B ,pf) = vf(pf(oi), (3, Xf,p[). (2.4) 

The LHS of the equation (2.4) is to be evaluated under the replacement (2.3) together with 
the additional replacement 

XfPf(oi) = ——- + XbPb(ck + 7r). (2.5) 

Ztt 

The rational for the replacement rule (2.5) has its roots in the map between Wilson loops in 
different representations of the gauge group under level rank duality and was explained in 
great detail in [20]. In addition as discussed in [20] the leading contribution of the thermal 
free energy density on S 2 under the limit reduces to that on R 2 . We will not pause here 
to recall the arguments of [20], but simply refer the interested reader to that paper. 

In the rest of this paper we test the conjectured duality transformation rules (1.4) 
as follows. We simply evaluate vb{pb{®), (3, Xs,pf) and vf(pf(<^), (3, Xf,p[) by direct 
computation, and then explicitly verify that the equation (2.4) is indeed satisfied once we 
use the duality map (1.4) together with (2.5) 

2.1 Scalars 

The thermal partition function of the deformed regular scalar theory (1.1) has already been 
computed in [21] (see [17, 19, 20] for earlier results in special cases); in this subsection we 
present a brief review of these results. 

8 It follows from gauge invariance that the partition functions depend only on the set of eigenvalues of 
the holonomies Ub and Uf- Let the eigenvalues of, for instance, Ub be given by e LO ‘ i for i = \ ... Nb- In 
the large Nb limit this collection of eigenvalues is well characterized by the effectively continuous eigenvalue 
density function 

1 N 

Pb{u) = — ^2 6{a - af). 

2=1 

Identical remarks apply to the fermionic case. 
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The thermal propagator is given by 


( 2 . 6 ) 


(<Kp) 0 (-p , )> = 


(27r) 3 <5 3 (p — p') 
p 2 + c 2 b T 2 


where gauge indices are implicit and 


P/j, Pfi 


(2.7) 


with a denoting holonomy. (c B T) 2 is the pole mass squared of the scalar fields at the 
trivial holonomy distribution, which is determined by the gap equation 


c B = (1 + 3x 6 )A b S 2 — AXsb^S + rh 


B 


where 64 := i^,rh B := ^ are dimensionless quantities and we set 


5 :=- 


dap B (a ) ( log (2 sinh * B + — ) + log( 2 sinh—-—' 


( 2 . 8 ) 


(2.9) 


where we chose as positive in this paper . 9 

The thermal free energy normalized in a way of (2.1) can be obtained by discarding 
the contribution of the fermions from (2.17) in [21]: 


vb[pb\ =v b , 0 + 


N, 


B 


6n 


— c^j + 2(c b — rh 2 B )S + 2X B b^S~ 


dap B (a) / dyy (log(l - e y ia ) + log(l - e y+ia )) 


' CB 


where v B ,o is a normalized constant so that v B goes to zero at zero temperature: 

Nb / „ .2 As: 


VB, 0 = + —biCB.o) 


( 2 . 10 ) 


( 2 . 11 ) 


where c B ,o is the pole mass at zero temperature, c B ,0 = IIiut^o(cbT), and c B) 0 is normalized 
by temperature so as to be dimensionless: c B ,0 := -|w . 10 Note that the gap equation (2.8) 
satisfies the saddle point equation extremizing the thermal free energy in terms of c B . 


2.2 Fermions 

We now turn to new computation of this note. We follow a method developed in [4, 17, 18] 
to compute the thermal free energy in U(N b ) Kf Chern Simons theory with fermions in the 
fundamental representation. Although the computation is a straight-forward application 
of the methods outlined in the references above, we present some details of the formalism 
and our computations for the convenience of readers. 

9 Equivalently saying we denote |c.b| by c B just for simplicity. 

10 Note that TS —> under T —>• 0. 









2.2.1 Zero temperature 


In order to illustrate our techniques in a simple setting, we first review the computation 
of the pole mass of fermions at zero temperature. In the next subsection we will quickly 
be able to generalize the formulae of this subsection to the physically interesting finite 
temperature case. 

We start with the Lagrangian (1.3) defined on R 3 . We first take the (Euclidean) light- 
cone gauge A_ := Al ^ A2 = 0, 11 so that the gauge self-interaction disappears. As a result 
we can integrating out the gauge field except its zero mode or holonomy. The result is 
given by 


S F = 


d 3 p 

X 3 


-p)iYP^{p) + o>^(-Z#(p)] - VN _ F , V ' 2 (?f 


VN F y 4 2 , VN F y 6 3 


N f 


d 3 P d 3 qi d 3 q 2 8iriX F 


AttXi 


-Z-(P, qi )M-P,q 2 ), 


47tA; 


-<J F + 


47tA/ 


CTl 


( 2 . 12 ) 


(27t) 3 (27t) 3 (27t) 3 (91 - 92 )- 
where V = ( 2tt) 3 5 3 (P = 0), p fl is given by (2.7) and we set 

+ Z -( p , q ) ■= + (2.13) 

Here we already assumed the auxiliary field a F to be constant in order to study vacuum 
structure of this theory. Notice that the 2nd line in (2.12) is quartic fermionic interaction 
generated by integrating out the gauge field. 

Then we introduce bilocal auxiliary fields denoted by ay, a_, E 7 , E - and consider terms 
d 3 P d 3 q 


S m „ = -n f 


N f 


(27r) 3 (27 t) 3 
d 3 P d 3 qi d 3 q 2 


(2S 7 (-P, q)(aj(P , q) - fr(P, q)) + 2 E ~{-P, g)(a_(P, q) - £-(P, q))) 
8mX F 


Nf 


(27t) 3 (27t) 3 (27t) 3 (91 - g 2 )~ 
d 3 P d 3 qi d 3 q 2 8niX F 


Z-{P,<h)ti{-P,<i2) 

a_(P,9i)a/(-P,9 2 ) 


(2.14) 


( 2 vr ) 3 ( 2 vr ) 3 ( 2 vr ) 3 (q x - q 2 )_ 
which gives no dynamical effect, since evaluating this by integrating out the auxiliary fields 
E 7 , E _ gives trivial result. We add this term into the action given in (2.12) to cancel the 
quartic fermionic interaction. 


S F + S m 

f d 3 p 


(2tt) 


■V’(-p) {iYp f + tf) i>(p) - 


VNpyl 

AfX f 


o F — 


VN F y A 2 VN F y 6 3 


47tA/ 


■ffp + 


AnXi 


O’ 


- N f 

+ n f 


d 3 P d 3 q 
(27t) 3 (27t) 3 

d 3 P d 3 qi d 3 q 2 8niX F 
( 2 vr ) 3 ( 2 vr ) 3 ( 2 vr ) 3 (q 1 - q 2 )J 


( 2 S 7 (-P, q)(aj(P, q) - &(P, q)) + 2 E"(-P, q)(a.(P, q) - £_(P, 9 ))) 
ot~(P, 9 i)a/(-P, 92 ). (2.15) 


11 This gauge may be justified by analytic continuation with * e-prescription [4], See [15] for computation 
in a different gauge. 
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Now this is quadratic in terms of fermionic fields, one can integrate them out by gaussian 
integration. And we impose translation invariance for the gauge-singlet bilocal fields, since 
we are interested in vacuum configuration. 


S 7 (P,g) = (27r) 3 <5 3 (P)E 7 (g), E ~(P,q) = (2vr) 3 <5 3 (P)E-(g), (2.16) 

<*i(P,q) = ( 2 t r) 3 <5 3 (P)a / (g), a.(P,q) = ( 2 tt ) 3 <5 3 (P)a_(g). (2.17) 


After this manipulation we find 

d 3 p 1 


Sf + Saux =N F V 


Tr Gi5 [log (i'fpp + 0fI + S(p)) x ] - 


J ( 2f) 3 N f 

d 3 qi d 3 q 2 87ri\ F 


vl 


47 tAj 


-o F - 


2/4 


47tA i 


-4 + 


y 6 


47tA; 


-4 


( 2 vr ) 3 ( 2 vr ) 3 (g x - q 2 )_ 


a_(q 1 )a I (q 2 ) 


d 3 q 


(2tt; 


3 ( 2 E \q)a I (q) + 2 E (q)a_(q)) 
(2.18) 


where we set E (p) = E“(p)y_ + E 7 (p)J and Tr G] g represents the trace for fundamental 
gauge indices as well as for spinor ones. Notice that (2.18) reaches the canonical form of 
the exact effective action in the leading of large N, which is written only in terms of singlet 
fields with N factored out (except holonomy contribution). 

Saddle point equations for E, a, a F are 


«(?) = - NT TrG 

1\ F 

E ~(p) = 47 riAg j 
E 7 (p) = — Atti\ f 


N f + E (q) ’ 

d 3 q 1 


( 2 vr ) 3 (p - q)_ 
f d 3 q 1 


n f A 1 rr 

0 = / Tr G)5 


( 2 vr ) 3 (p - q)_ 

-1 


«/(?), 
a-(q), 


(2.19) 


vl 


2/4 


(2n) 3 N f ’ i 7 M^ + E(g) 4:Tt\ f 2f\ f 


cr F + 


32/6 

47tA/ 


-a 


Ft 


where Tr G means taking trace only in fundamental gauge indices, and we set a(p) := 
ce-(p) 7 “ + aj(p)I and E (p) := E (p) + a F I. 

Note that the auxiliary held E becomes the exact self energy in the ’t Hooft large N 
limit: 




( 27 t) 3 < 5 3 (— p' + p) 
iYP^ + S(p) 


where gauge and spinor indices are abbreviated. 


( 2 . 20 ) 


2.2.2 Finite temperature 

Introduction of temperature can be done in a standard way by compactifying one direction 
with a fixed circumference denoted by j3, which is interpreted as the inverse temperature. 
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Fermions in thermal canonical ensemble obey the anti-periodic boundary condition for 
this circle. Then the momentum of a fermion of the S 1 direction is discretized as a half 
integer: p 3 = (n + |)/9 _1 , where we use the 3rd direction as the compactified one. Thus 
the computation and the results we have done at zero temperature can be used as those 
at finite temperature by replacing the momentum in the 3rd direction by discretized one. 
For example, the integration measure of momentum is replaced in a way that 



nG Z 


( 2 . 21 ) 


By doing this manipulation, the saddle point equation for £ at finite temperature is 
obtained from (2.19) as 


£ ijp) =4 iriXp J 

£ J (p ) = — 4:7TiX F 


V 3 q 


Tr, 


{2'Kf{p-q)_2N F 
f V 3 q 1 -1 

J (27t) 3 (p — q)_ 2 N f 


G,S | 


*7^+ £(?)' 

1 


( 2 . 22 ) 


Tr Gi s[7-T 


iYq^ + £(<?) 


These saddle point equations can be solved in the same manner as done in [4, 17, 18]. The 
fact that the light-cone gauge preserve rotational symmetry on the two-plane enables one 
to set ansatz such that 


£f,j(p) = f(p)Ps, £ F,+ (p ) = ig(p)p+, (2.23) 

where f(p),g(p) are undetermined functions of p — which is dimensionless. Depen¬ 
dence of other parameters is implicit. Then one can show from (2.22) that there exists a 
dimensionless constant c F such that 

f(P ) 2 + g(p) = f- (2-24) 

pz 

Plugging this back into (2.22) gives the integral equation for f(p) only, which can be solved 
as follows. 

f(P) =^j- J dap F (a ) ^log(2 cosh ^ + c F + ia^ + log ^ 2 cogh V'P~ + °f —j + a F . 

(2.25) 

In the intermediate step we took the large N limit, in which holonomy eigenvalues distribute 
densely in the region [— ir, n\ so that the summation over a gauge index becomes integral 
over this holonomy distribution denoted by p(a): 

-j N /*7T 

— ^F(a i ) iV 4°° / dap(a)F(a ) (2.26) 
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where F(cq) is an arbitrary function of eigenvalues of holonomy g(p) is determined 
from (2.24) so that g(p) = jr — f{p) 2 - Since (2.22) indicates that g(p) is free from IR 
divergence, it has to be satisfied that linip_ ) .o(4 — p 2 f(P) 2 ) = 0, which gives determining 
equation for c F \ 

c| = (2X F C + o F ) 2 , (2.27) 


where we set dp := ^ and 

1 r 

C - dap F (a ) 

^ - /- TT 


(' . , c F -\-ioi . , . , cf— ict.A 

( log(2 cosh---) + log(2 cosh---) j . 


(2.28) 


The equation (2.27) is invariant under the flip of signature of c Fl so we can choose c F as 
positive without losing generality. We will call (2.27) the gap equation of fermion because 
Cp represents the pole mass (normalized by temperature) of fermions when the holonomy 
distribution is trivial, which can be seen from (2.20) by using det(7y+ £) = p 2 ^ + c 2 F T 2 . 

On the other hand, o F is determined from the last equation in (2.19), which can be 
computed as 


3<4?/ 6 — 4d F X F C T 2<j F y 4 — 4A F C 2 T y\ — 0 (2.29) 

_ V2_ 12 

t ■ 

The thermal free energy without normalization is obtained by carrying out the replace- 


where y 4 = f,y 2 = f. 


ment (2.21) for the exact effective action given by (2.18): 


F =N F V 


/ ( H4 TrG ' 5|iog ^ + £(p,N _1 

V 3 qi V 3 q 2 8Tri\p 


vl 


(2vr) 3 (27r) 3 (qi - q 2 )- 


a_(gi)ap(g 2 ) 


47rAp 
V 3 q 


y 4 _ 2 , y 6 _ 3 

&F ~ A —^—&F 4 —\—®F 


(2ir) 


47rAi? 47rAp 
(2 S J (g)a/(g) + 2 S"(g)a_(g)) 


Following the computation done in [4, 17, 18, 21] we can compute this as follows. 


F 


N F V 2 T 2 


67T 

3 / 


2A lC 3 


~[Cr 


a 2 F )C 


3 yj 
2Xf 


-Op 


3^4 
2A F 


dp + 


3y 6 

2A, 


-07 


dapp(a) / dyy (log(l + e y ia ) + log(l + e 2/ ~ H “)) 


'C F 


(2.31) 


where we used R = V 2 /3. Therefore the free energy with the normalization of (2.2) is given 
by 


r , Np 3 

Vf Pf\ =Vf ,0 + 7 — " 
07T 


F ~ 2X 2 F C 3 


-Cl 


f - <4)C - 
dapp(a) I dyy (log(l + e~ y ~ ia 


3yl 


-Op 


3^4 


4 + 


32/6 


2 V ^ "" 2Ap 2Ap * 2Ap 


Or 


log(l + e ~ y+ia )) 


' CF 


The solutions are given by 


o F = 


y 4 - 2A F C ± - 2A F Cf - 3y 6 ((2\ F C) 2 - 

3j/ e 


(2.32) 


(2.30) 
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where v f,o is a normalized constant, which we determine by requiring v F —> 0 under T —)■ 0. 
We will give an explicit form later, (3.8). 

Let us determine an off-shell form of the free energy density in the sense that extremizing 
it in terms of c F ,a F gives the gap equations (2.27), (2.29). For this purpose we eliminate 
C by using the gap equation of c F , (2.27), or square-root of it, which is given by 

c F = sgn[2A F C T- & F \ (2A^C -1- dp) . (2.33) 

Note that we already chose c F as positive. Then the saddle point equation of cr F becomes 

-3 a F y 6 + + 2 a F y A - c F + y% = 0 (2.34) 


and the thermal free energy density is written as 


AT 


vf[pf] —vf, o + 


4(i 


sgn[2ApC + a F \ 


-3 


67T 
dap F (a) 


) + 7TT—(35" F^F 


o 


A F 2A F 

i 

dyy (log(l + e ~ y ~ ia ) + log(l + e~ y+ia )) 


F - 3 y\d F - 3y A a 2 F + 3 y 6 d 3 F ) 

(2.35) 


’ CF 


It is not difficult to see that extremizing this thermal free energy density in terms of c F , <J F 
yields the same saddle point equations as (2.33), (2.34), respectively. 

The gap equation obtained above simplifies in the zero temperature limit. In this limit 
the gap equation becomes 13 


4,o ~ {^fc f ,0 + ^F, o) 2 


(2.36) 


where a F}0 is determined by 


- 3 a 2 F0 y 6 + 4,o + 2 uf,o 1/4 - 4,o + vl = 0- (2.37) 


3 Duality 

In this section we demonstrate that the gap equations and the thermal partition functions 
of the bosonic and fermionic theories map to each other under the parameter map (1.4) as 
well together with the holonomy distributions given by (2.5). 

3.1 Duality of the gap equation 

We first demonstrate that the fermionic gap equation maps to that of the bosonic one 
under the duality transformations. For this purpose, we remove the cr F from the equations 
(2.27) and (2.29). By using (2.33), (2.29) becomes 

— 3(sgn[2Ai?C T cr F \cp — 2Ap , C)^?/g — 4(sgn[2A^C T <j f\cf — 2A^?C) X F C 
+ 2 ef fV 4 — 4A F C 2 + y 2 = 0 (3-1) 

13 We used TC —> r -ff- under T —> 0. 
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which can be simplified as 


—3c^?/6 - l - 2cpsgn[2Ai?C+<jp’](i /4 — ‘2\pC-\-Q\FCy^) — 4:XfC{jj 4 — XpC-\~3\FCyQ')-\~y2 — 0. (3.2) 

Now let us perform the known duality map of holonomy density function given by (2.5), 
which can be used as a form such that 14 

sgn(A s ) 

A fC — --- cb + A b<S. (3-3) 

Then we obtain 


c^(2sgn(A s )sgn[2AFC + a F ](3y 6 - 1) + 6 y 6 - 1) + A(X B S)(y 4 - (A B S) + 3(X B S)y 6 ) - y\ 
- 2cF(sgn(X B ) + sgn[2Ai?C + cr F ])(y 4 - 2(A B S) + 6(A B S)y&) = 0. (3.4) 


Under a situation where 
(3.4) reduces to 


sgn[2ApC + (7 F \ = sgn(Ai?) 


c f + ^Va{X bS) — 4(A j b5) 2 — y\ + l2(X B S) 2 ye — 0 


(3.5) 

(3.6) 


where we also used sgn(As) = —sgn(Ap). One can easily see that this transformed gap 
equation of the fermions is precisely identical to that of scalar theory (2.8) by the duality 
relation (1.4) with c B = c F - 


3.2 Duality of the free energy 


We can also show that the thermal free energy of fermions precisely maps that of bosons 
under the duality relations. To this end we rewrite the thermal free energy density given 
by (2.32) by using (2.27) and (2.29) so that 


N f 

Vf[Pf] —Vf, 0 + ~F— 

67T 


2cpC + 


2A; 


-y 4 a 2 F - 2 y 2 2 a F ) 


dap F (a ) / dyy (log(l + e y *“) + log(l + e y+ia )) 


' CF 


where v F ,o is given by 


Nf / ~ 2 a 2 - \ 

V F ,0 — - „ . { — ~ U2 a F, 0 ) 

U7 T Ajp Z 


(3.7) 


(3.8) 


with aF t o determined from (2.37) and a F ,0 : = Under a situation in (3.5), we can 

rewrite o>, a F ,0 as 


&f — —2A bS, ctf, 0 — —XbCb,o 


(3.9) 


14 The inverse relation is XbS = — sg n l Xp ‘ l c F + XfC. 
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by using (2.33) and (3.3). Thus the thermal free energy of the deformed critical fermionic 
theory divided by kf is rewritten as 


vf[pb 

K f 


Vf, 0 

kf Qf 


X f c 3 f ~ 2c 2 F X F C + -(-Va&f - 2y\dp) 


- 3 
vf, o 


daX F p F (a) / dyy (log(l + e 


—y—ia \ 


log(l + e ~ y+ia )) 


'Cf 


1 

Kp Qf 


( X B - sgn(Aij))c| - 2c 2 B (- Sgn< ^ B K B + X B S) + 


-2X b S) 2 - 2rh 2 


B\ 


da(- 


vf, o 1 


Kp Qf 


sgn(X B ) 


7T 

,.3 o ,2 


fOO 


+ X B p B (a + 7 r)) / dyy (log(l + e y l “) + log(l + e 2 ' + *“)) 


CB 

2 i o ~ 2 


X B c B — 2c B X B S — 2b/±(X B S) +2rh B (X B S)) 


-3 


daX B p B (a ) / dr/r/ (log(l — e y ia ) + log(l - e 2/+l “)) 




(3.10) 


with 


—— — — -p- ( — — yi^Ffl) — — V— ( — 7t^4( — AgC# o) 2 — vd 2 B { — X B C B fi)) 

Kp OF 2 OF 2 

= - ^(“A B & 4 c |,0 + -|c S ,o). 


(3.11) 


Comparing (2.10), (2.11) we find 


v f[pf\ _ vfs[Pb} ^ 12 \ 

K p K B 

That is, the thermal free energies of two theories are identical by using kf — —k b . This 
completes our demonstration of the proposed duality. 

3.3 Comments on the duality 

In this subsection we give a comment on Hubbard-Stratonovich-like approach to obtain the 
duality proposed in this paper by adding auxiliary fields from a known duality pair [29]. 15 
To see this begin with a simplest duality pair of the regular boson and critical fermion 
theories, whose parameters are chosen as m 2 B = 64 = 0 , xq = 1 and y\ — y a — — 0 , 

respectively. It is known that these are dual to each other with the operator mapping 
00 = -f^&Fi which can be seen from comparison of correlation functions. Then, instead 
of turning on the parameters illustrated in Introduction in this paper, one may add to 

15 We would like to thank the referee for noticing to us that the method of the reference [29], which 
appeared on the arXiv at the same date as this paper, can be applied to the current case, irrespective of 
the issue to deal with contact terms in the method. 


-2A b «S)) 
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those actions the following term constituted by auxiliary fields Di, D 2 such that 


A S= j d 3 x[OD l - D x D 2 + ft £> 2 + ft-D 2 + ftD 3 ] (3.13) 

where O — (f><p for the bosonic theory and O = =z f £L (Tp for the fermionic one, and ft, ft, ft 
are parameters, ft is natural to expect that this addition preseves bosonization duality 
with the same operator mapping. Integrating out the auxiliary fields gives 

A S= j d 3 x[/3iO + ftO 2 + ftO 3 ] (3.14) 

The total bosonic fermionic action leads to (1.1) with the identification ft = m 2 B ,/3 2 = 
A^ 1 ,ft = (2jt) { d 1+1 ' 6 \ and the fermionic one becomes (1.3) by ft = y 2 ,/3 2 = — ,ft = 

— (1 '‘) m . This is consistent with the parameter mapping (1.4) obtained by comparing the 
thermal free energies of both sides. This method provides a simple check of the result. 

4 Discussion 

In this paper we have conjectured a simple and explicit duality between two RG flows. The 
first of these is the flow from the large N free scalar theory to the critical scalar theory. The 
second is the flow from the large N critical fermion theory to the free fermionic one. The 
U(N) symmetry group in both the RG flows studied above are gauged and gauge dynamics 
is governed, in each case, by a Chern Simons term. The duality between these RG flows 
holds provided the level and rank on the two sides of this duality are related by the usual 
rules of level rank duality. The actual duality map between Lagrangian parameters, (1.4), 
turned out to be linear in contrast with the complicated nonlinear map of [21]. It would 
be interesting to understand the reason for this simplicity. 

If we accept that the two RG flows above are dual to each other we really have only 
one flow. This flow may picturesquely be described as the flow from a free boson theory 
to a free fermion theory - with the provision, of course that each of these theories is Chern 
Simons gauged with different levels and ranks. 

It would be useful to find additional evidence for our conjectured duality. One way 
might be to compare the S matrices of the two theories imitating the analysis of [26] and 
[28]. Especially from S matrices one can extract information of possible bound states of 
the theory by analyzing poles of S matrices [27], which are to be mapped to each other 
between the dual theories under duality transformation [28]. Together with S. Jain and 
M. Mandlik we have made a preliminary attempt at the relevant computations. We find 
that the S matrices of the bosonic and fermionic theories are indeed identical upto a 
subtlety. The computations of the S matrix in the fermionic theory turns out to include a 
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contribution from one divergent integral . 16 The fermionic and bosonic S matrices match 
perfectly provided we assign this integral a value different from the one obtained from 
dimensional regularization. We do not yet understand the rational for the ad hoc cut off 
scheme that leads to the duality invariant value. We hope to return to this question in the 
future. 

To end this paper, let us note that the RG flows (1.6) have a very simple dual bulk 
interpretation. Recall that the dual regular boson and critical fermion theories have both 
been conjectured to be dual to the AdS 4 solutions of Vasilicv’s equations. Adopting the 
‘bosonic representation’, the Vasilicv system in question is the Type A theory deformed 
by the interaction phase e*^“ [4, 30]. The boundary conditions on the scalar field in the 
Vasiliev multiplet are set so that the dual scalar operator has unit dimension (i.e so that 
Vasiliev scalar field dies off near the boundary like z; the coefficient of the order z 2 fall off 
vanishes). 

In the bosonic representation, the RG ffow (1.6) is simply a deformation of the regular 
scalar theory by the double trace operator (</></>) 2 . According to the general rules of the 
AdS/CFT correspondence, however, in the large N limit the addition of a double trace 
operator to the boundary theory does not modify the bulk solution; it simply modifies 
the boundary conditions of the corresponding bulk scalar [31, 32]. The deformation by 
64 = x changes the boundary condition on the bulk scalar held so that it dies off like 
Az + Bz 2 at infinity, where the ratio ^ is a function of x = 64 that vanishes when 64 —>■ 0, 
but diverges as 64 —> 00 (see [30] for a careful and detailed derivation of the precise form 
of the boundary condition). In the deep UV of the RG how the boundary condition is 
simply that appropriate to the regular scalar theory we started with. In the deep IR, on 
the other hand, the boundary condition for Vasiliev bulk scalar held is that it must die 
oh at infinity like z 2 (the coefficient of the £ fall oh vanishes). But this is precisely the 
boundary condition of the Vasiliev system dual to the critical bosonic or regular fermionic 
scalar theory. It follows that the modified boundary conditions described above do indeed 
have the properties expected of RG how (1.6), namely that they interpolate between the 
dual to the regular scalar theory and the critical scalar theory as 64 varies from zero to 
infinity. See [33, 34] for closely related discussions. 

Above we have presented explicit formulae for the free energy of the bosonic (and 
fermionic) theories at every value of 64 and temperature. It should presumably be possible 
to reproduce our explicit formula for the free energy from the thermodynamics of black 
brane solutions in Vasiliev theory subject to the appropriate boundary conditions. It would 
certainly be very interesting to perform this check. It is, however, not yet clear whether 
the required solutions of Vasilicv’s equations are known or how their thermodynamical 

16 This is in contrast with the study of [26] in which all S matrix integrals were finite. The new divergence 
appears to have its roots in the fact that a term of the form ■i/; 4 is not power counting renormalizable. 
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properties can be extracted once they are determined. For this reason we leave the intensely 
interesting comparison between the thermodynamical formulae in this paper and those of 
black branes in Vasiliev theory to future work. 
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